In this article, a natural symplectic form on the space of all smooth sections with compact support of an arbitrary fiber bundle admitting a global section is constructed. If one has a local field theory whose Lagrangian's kinetic term is a nondegenerate bilinear form on the total space, then the corresponding Poisson bracket produces the usual commutation relations for sections of low momentum.
Field theories are described by sections of fiber (almost always vector) bundles as states of a physical system and functionals on these sections as physical observables. In the spirit of geometric quantization (cf. [1] for a good overview), to get commutator relations for the quantum analogues of these observables, one needs a Poisson bracket for such functionals, i.e. a symplectic structure on the space of sections.
There are attempts to get such a structure for particular cases of field theories one of which can be found in [1] . Chernoff and Marsden ( [2] ) use the natural symplectic form on the tangent space of a space of sections which is not enough for our purposes because we want to have a bracket for observables on the space itself. Kijowski ( [3] ) shrinks the set of possible observables to Poincaré generators, field strength and its time-derivative. Most general approaches deal with functions on the total space of a related jet bundle instead of functions on the space of sections (cf. e.g. [4] , [5] , [6] , [7] ).
The strategy will be to first define a form on sections of the bundle given by dπ ′ instead of the original bundle π ′ and then to pull it back via the jet embedding.
The definition of the form, at least for trivial bundles, can already be found in [8] (p.185), but there, for the question of closedness, the reader is referred to [9] which does not contain any proof of closedness. Also the existence of a symplectic form on the total space is just assumed, so the problem of pull-back does not appear.
Now we want to construct a symplectic structure on the infinite-dimensional manifold Γ(π ′ ) of smooth sections with compact support of a given vector bundle with bundle projection π ′ : E ′ → M ′ over spacetime (resp. over the world sheet in the case of string theory). Compact support means here that we fix a section of π (whose existence is, of course, a non-trivial condition) playing the role of the zero section and consider only sections differing from it in a compact subset of M . First, we go over to the bundle dπ Proof. We will proof this fact in T * E ′ , then it is transferred to T E ′ by the isomorphism. The usual prescription θ| (q1,...qn,p1,...pn) = i p i dq i for the natural symplectic 1-form does not depend of the used coordinates q 1 ...q n on E. So to distinguish horizontal from vertical parts, we take charts coming from trivializations. Then the corresponding coordinates on
where latin indices stand for position coordinates, greek ones for the corresponding momenta, x i , φ i being horizontal and y i , ξ i being vertical parts. Then the corresponding 2-form ω = dθ is of the direct sum form
from which we can read off vertical nondegeneracy as we know nondegeneracy 2
For our construction, a crucial tool is the identification of a tangent vector V resp. the value of a vector field V on γ(π) at a fixed section γ with a vector field along γ, i.e. a section of γ * T E:ˆ|
where p ∈ M , γ t the integral curve of the flow of V starting at γ. This means, we just fix a point p ∈ M and note the direction in which it is moved infinitesimally by the family of maps γ t .V | γ has also compact support because t∈[−1;1] γ t has compact support.
Conversely, a vertical vector field V on E maps to a vector fieldṼ on Γ(π) bỹ
Lemma 2 (i) Both maps˜andˆ| γ are smooth for all γ;
moreover,ˆdepends smoothly on γ.
(ii)ˆ| γ •˜= γ * ∀γ ∈ Γ(π), i.e. the composition is the pull-back along γ.
(iii) The Lie bracket is preserved by˜:
Proof. The infinite-dimensional manifold of vector fields on a manifold is in particular a Frêchet space, and the flow of a vector field depends smoothly on it, so both maps are smooth. Looking deeply at the definitions, one sees that they are inverse to each other in the sense of (ii). For a proof of the third statement we define
As this map is a differentiable Lie group homomorphism, its differential dA| 1 :
. Now the source resp. target of dA is as Lie algebra isomorphic to Vect(E) resp. Vect(Γ(π)) via Φ resp. Ψ, and Ψ • dA • Φ −1 =˜by the chain rule 2
In order to get a symplectic structure Ω on Γ(π), for each two vector fields X, Y ∈ Vect(Γ(π)) we define
Note that for this definition we need a volume form on M . As we want to integrate differentials of sections we have to modify the volume form on T M ′ with a characteristic function on each tangent space going down to zero faster than r −dimM ′ , where r = v, v . We choose it radially symmetric and equal to one in a sufficiently large region around zero to produce the usual commutation relations at least for states of low momentum everywhere. While this still can diverge for general sections of π it is well-defined for differentials of sections of π ′ of compact support. So recall that everything we needed to define Ω was a metric on M ′ and a nondegenerate bilinear form on E ′ (which may come from the kinetic term of a Lagrangian).
Theorem 3 Ω as above is a symplectic form.
Proof. Obviously, Ω is an antisymmetric two-tensor; we have to show that it is closed and nondegenerate. We calculate dΩ(X, Y, Z) at a section γ using
Now the crucial point is that because of tensoriality of dΩ we can choose X = x, Y =ỹ, Z =z for some vertical vector fields x, y, z on E . Lemma 2 then implies [X, Y ] = γ * ([x, y]), and because ofV | γ = γ * v for V = X, Y, Z and v = x, y, z we have
Using these equations respectively their cyclic permutations we get the result from the closedness of ω.
Up to this point, we could have used any linear function on C ∞ (M ) instead of the integral. Now to show nondegeneracy, take X to be an arbitrary tangent vector at a section γ,X the corresponding vector field along γ. Then, because of the vertical nondegeneracy of ω, for all p ∈ M , there is a vector fieldŶ such that ω| p (X,Ŷ ) = 0.
If we scaleŶ with a function f on M , then Ω(X, fŶ ) = M f ·(ω •γ)(X,Ŷ ), and the statement follows from the nondegeneracy of the scalar product of L 2 (M ) 2
We have to keep in mind that the 2-form constructed above is still one on Γ(dπ ′ ), not one on Γ(π ′ ), as we wanted originally. But now we can use the jet embedding Γ(π ′ ) → Γ(dπ ′ ) mapping a section to its derivative, and pull back Ω defined as above to Γ(π). As pull-back of forms and exterior derivative commute, the new form is closed, too. But the proof of nondegeneracy is a little trickier. From now on, the original bundle projection is called π : E → M (everything without ').
where γ t is the integral curve of V starting at γ.
With this definition, it holds ξ * •ˇ| γ =ˆ| γ , where ξ : T M → M is the tangent bundle projection.
Now, restricted to the submanifold Γ(π) in Γ(dπ), Ω reads (X,Y now being vector fields on Γ(π)):
where T M denotes the tangent space equipped with the measure mentioned above. We have the following analogue to Lemma 2, (ii):
Lemma 5 Let V be a vector field on E. Considered as a differentiable map from E to T E, its differential is denoted by dV , a vector field on T E. Theň
. Now we can include the time component by regarding vector fields and flows on E × [0, 1] instead of E, so the derivatives commute:
Theorem 6
The pull-back of Ω to Γ(π) by the jet embedding Γ(π) → Γ(dπ) mapping a section to its derivative is also nondegenerate, so Ω can be considered as a symplectic form on Γ(π).
Proof. Let ξ be the bundle projection of the tangent bundle T E → E. Vector addition provides us with an isomorphism ι u between T ξ(u) E and the vertical subspace T v u T E , for each tangent vector u = (q, p) ∈ T E. If we scale a vector field on E with a function f , it holds:
Now we choose, given a nonzero tangent vector X at a section γ, a vertical vector field x s.t. X =x at γ and a vertical vector field W on E s.t. ω| u0 (dx, ι u0 (W (q 0 ))) = 0 at a fixed point (q 0 , p 0 ) = u 0 = dγ(r 0 ) . Then we go over to
where the scaling function f n tends to zero in L 2 (M ) but df n tends to a deltadistribution in the L 2 -norm on the total space of the RP dimM -bundle related to T M concentrated at r 0 . Then W n is also vertical and
The constant comes from the L 2 -norm of f n w.r.t. the modified volume element on T M . The support of f n is in a narrow cone in T M containing r 0 , and as ω(X, Y ) = ω(−X, −Y ), the integrated function has the same sign on both sides of the cone, so the constant is nonzero 2 Obviously, the symplectic form defined above has some nice features:
• It is natural w.r.t. pull-back of vector bundles if you pull back also the volume form on M and the isomorphism between T E and T * E.
• When applied to a local field theory whose kinetic term is a nondegenerate bilinear form on E, it reproduces the usual Poisson bracket
ν for sections of low momentum.
• It is "covariant" under tensor product and Whitney sum of bundles if one uses the corresponding bilinear forms on E.
As a remarkable fact we should note that we have several possible definitions for the measure on T M , as much as functions on R + with right asymptotic behaviour. They could correspond to different renormalizations. Moreover, in the case of a trivial bundle, the construction method of the form Ω provides a monomorphism from the cohomology of the fiber manifold H * F to H * (Γ(π)), because outgoing from a form ω on F we can define a formω on M × F byω| (m,f ) (X, Y ) := ω| f (ι * (X), ι * (Y )) for each two vertical vector fields X, Y , ι : F ֒→ M × F being the natural embedding. Then the exterior derivative on Γ corresponds to the one on the total space as we saw above.
For fruitful discussions and advices, I want to thank Jürgen Jost, Peter Albers, Stefan Fredenhagen, Michael Holicki, Frank Klinker, Marc Nardmann, Tobias Preusser, Markus Roth, and Arnold Wassmer. Special thanks I would like to give to Hông Vân Lê for her great and friendly help and the correction of some bad mathematical mistakes.
